I. INTRODUCTION
The two-dimensional electron liquid (2DEL) at the interface or surface of SrTiO 3 (STO) have attracted extensive attention due to the extraordinary physical properties such as spinorbit coupling [1, 2, 3, 4] , ferromagnetism [5, 6, 7] , superconductivity [8, 9, 10] , and quantum Hall effect [11] . These properties can also be controlled through manipulation of the carrier concentration using electric fields or chemical doping. So far, the archetypical system remains the 2DEL formed at the interface between two band insulators of LaAlO 3 (LAO) and STO.
Due to the large permittivity of the STO substrate at low temperature [12] , the transport properties of the 2DELs such as carrier density and mobility can be modulated significantly by electrostatic gating [13, 14] . Gate-tunable metal-insulator transitions [15] , superconductivity [8] , Rashba spin-orbit coupling [1] and spin polarization [16] have been reported, which could pave the way for developing future novel electronic/spin-electronic devices [17, 18] .
Based on the chemical doping and a manganite-buffer layer induced modulation doping [19, 20] , a new modulation doping made by alloying LaMnO 3 (LMO) with LAO not only suppresses the sheet carrier density (n s ) gradually by increasing the Mn doping level (0 ≤ x ≤ 1) but also leads to the realization of spin-polarized 2DELs at x = 0.3. [21] This magnetically diluted oxide interface reveals the evolution of electronic state at STO-based interfaces as a function of carrier density and provides new and unexplored electronic states than the intensively investigated bare LAO/STO interface [8, 22] . Four kinds of electronic ground states have been created at diluted interfaces by controlling the Mn doping level. i) For 0 ≤ x ≤ 0.2, conductivity occurs in two bands; ii) for 0.225 ≤ x ≤ 0.275, only a single band is occupied;
iii) for x = 0.3, the single band occupancy remains, however, the 2DEL becomes spinpolarization; iv) for 0.3 < x ≤ 1, an insulating state is observed. This provides a convenient handle to investigate the gate-tunable transport properties of different as-grown ground states.
Generally, the 2DEL of STO-based interfaces is confined in an asymmetric quantum well located on the STO side. The absence of spatial inversion symmetry at the heterointerfaces leads to a strong Rashba spin-orbit coupling (SOC) [1] . In 2D electron systems, weak localization (WL) and weak anti-localization (WAL) are two quantum interference effects resulting from electron phase coherence and spin-orbit coupling. These quantum interference effects are related to the three scattering processes -inelastic scattering, spin orbit scattering and elastic scattering [23] . Previous studies have shown that the SOC strength can be modulated by top-and/or back-gate [1, 3, 4, 22, 24] . Analyzing the WAL/WL, some groups reported that the strength of the SOC decreases monotonously upon decreasing the back-gate voltages [1, 10] or even show a maximum at the d xy -d xz /d yz crossing region at LAO/STO interface [3] . Previous studies of the SOC at STO-based conducting interfaces implemented the weak SOC approximation [25] , which assumes that the elastic scattering characteristic field is much stronger than the SOC scattering characteristic field. A significant mobility (μ) enhancement at the LAMO/STO interfaces is observed when increasing the Mn doping and leads to a decrease of the elastic scattering field. When the elastic scattering field is so weak that it is comparable with the SOC scattering field, the weak SOC approximation is not anymore applicable and it remains to be investigated what happens to the spin orbit effect here. Our LAMO/STO system exhibits different ground states with the possibility to enhance the mobility by increasing the Mn doping level. The LAMO/STO system, therefore, provides an interesting platform to investigate the gate-tunable SOC where the weak SOC approximation is not applicable.
Moreover, the anomalous Hall effect (AHE) observed in the LAMO/STO interface with x = 0.3 implies the existence of a spin-polarized state with a single band of d xy electrons. In previous report, D. Stornaiuolo et al. [16] has shown an electric-field-tunable spin-polarized and superconducting 2DELs at the ferromagnetic EuTiO 3 
II. EXPERIMENTAL METHOD
The LaAl 1-x Mn x O 3 thin films, with x = 0.2, 0.225, 0.25 and 0.3, were grown by pulsed laser deposition (PLD) using a KrF laser on TiO 2 -terminated 5×5×0.5 mm (001) STO substrates.
Before the deposition, a hard mask made from amorphous LaMnO 3 (LMO) was patterned on the STO substrates in a Hall bar geometry by optical lithography (W = 50 μm, L = 500 μm) [26] . The film thickness was kept constant at 8 unit cells, and the film growth of the unpatterned sample was realized in a layer-by-layer 2D growth mode as described in Ref. [21] .
A pulsed laser with a wavelength of 248 nm, a repetition frequency of 1 Hz, and laser fluence At all cases, the leakage current was less than 1 nA and the LMO hard masks are totally insulating. Table 1 , and the temperature-dependent sheet resistances are shown in Figure 1 [3,9,21] The minor differences in the critical carrier density among different samples might be due to the gate-dependent effective band structure. [22] Furthermore, for the interface with x = 0.3 hosting the spin-polarized 2DEL, the Hall resistance traces at different V bg shown in Figure 3 (a) are nonlinear with a clockwise bend at low fields, which are different from those of the two-band conduction but similar to AHE with one-carrier transport reported in Ref. [21] . Here, the evolutions of Hall coefficients R h as a function of B in Figure 3 ). From the ordinary Hall resistance, the carrier density for different V bg is extracted and is used to calculate the mobility. As shown in Figure 3 (c), with the increase of the V bg , the carrier density is changed from 5.3×10cm -2 at 80 V, and the mobility increases by almost six times from 420 cm 2 /Vs to 2503 cm 2 /Vs.
III. RESULTS AND DISCUSSION
It is worth noting that the carrier density of all samples could not return to their as-grown states after removing the gate voltage, which is common behavior in oxide interface systems [8, 24] . Figures 4(a,b) . This means that the WL takes place in fields B e >> B i (i.e. τ e << τ i ), namely in the diffusive regime. On the other hand, the spin-orbit scattering time τ so describes the spin phase shift on the order of π caused by the effective magnetic field of the SOC [32] . When the SOC appears in the diffusive regime with B e > B so > B i , the spin of carriers would add an extra phase factor that destroys the constructive interference, leading to the destructive interference to counteracts the WL -this is the character of WAL. Here, the B e could be rewritten as B e = e/(2hn s μ 2 ), which is only contain the carrier density and the mobility. As shown in Figure 4 (d), the effective mobility (μ tot = 1/[en tot R xx (0)]) decrease when the carrier density (n tot ) is reduced, which is the same with the case of x = 0.3 shown in Figure 3(c) . Notably, the samples with higher Mn always show higher mobility for the same carrier density. The deduced B e are shown in Figure 4 (e) as a function of sheet carrier density normalized by the Lifshitz density, (n s /n c ). Here, the adoption of normalized carrier density (n s /n c ) effectively distinguishes the contributions of one-band region or two-band region. The 0 < n s /n c < 1, n s /n c = 1 and n s /n c > 1 represent the one-band region, Lifshitz transition point and two-band region, respectively. For all samples, the back-gate controlled B e decreases monotonically with increasing normalized carrier density, due to the monotonically increasing mobility and sheet carrier density.
In the magnetoresistance measurements of the WAL/WL, the applied magnetic field (B) . Previous studies [1, 2] show that the WAL at conductive STO-based interfaces is well described by two theoretical models developed by Hikami, Larkin, and Nagaoka (HLN) [35, 36] and Iordanskii, Lyanda-Geller, and Pikus (ILP), respectively [37] . However, these models are valid only for a weak SOC in the diffusive regime, where the WL/WAL takes place at B << B e and B so << B e for which the B e does not appear explicitly [38] . These methods give good fits for all WAL/WL curves, but the shape of the fitting parameter B so is in accordance with the prediction from B p only for x = 0.2 (More detail discussions in Supporting Information, Section 3.). Because the extracted B so exceeds B e for x = 0.225 at 40
V ≤ V bg ≤ 60 V and for x = 0.25 at 10 V as seen in Figure S4 (e,f), the two methods are not available for x = 0.225 and 0.25, which indicates the failure of the weak SOC approximation.
In this scenario, the strong SOC observed at the interfaces with higher mobility leads to the fact that B e is comparable with the B so , so the weak SOC approximation fails to describe the SOC in WAL at x = 0.225 and 0.25.
Here, the Maekawa-Fukuyama (MF) theory [25] is applied for the case of strong SOC to analyze the WAL/WL. Considering a pronounced contribution from Lorentz force to MC in the entire magnetic field regime, the classical MC gives rise to a parabolic behavior [10, 39] .
Combining the first order quantum correction of WL/WAL and the classical MC, the correction to the MC with a negligible Zeeman effect can be expressed as: [11, 40] .
According to the expression in Ref. [1] , the spin splitting energy
is determined by the elastic scattering time and SOC scattering time, and its evolutions are summarized in Figure 5 (a) as a function of normalized carrier density. The interface with x = 0.2 has a domelike dependence of ∆ on the carrier density, with the peak of 5.5 meV at the Lifshitz point (n s /n c = 1). The significant local orbital angular momentum induced by the orbital hybridization at the d xy -d xz /d yz crossing area could enhance the SOC and form a dome. [3, 41] Here, for one-carrier region (0 < n s /n c ≤ 1), the ∆ decreases monotonically with decreasing carrier density, similar to what observed in previous works [3, 10] . In contrast, the spin splitting energies of x = 0.225 and 0.25 increase monotonically with the decreasing carrier density, reaching the maximum values of 2.2 meV for x = 0.225 at n s /n c = 0.52 and 1.6 meV for x = 0.25 at n s /n c = 0.76, respectively. This was not discussed for the STO-based oxide interfaces so far. A possible explanation for our observations is that for x = 0.225 and 0.25, the higher mobility causes a lower B e , which is comparable with the B so , so the weak SOC approximation (B so << B e ) will fail to describe such SOC in WAL. At the same time, with the increasing carrier density, the decreasing B e reduces the probability of electron backscattering. 
IV. CONCLUSIONS
In conclusion, we have systematically investigated the electrostatic modulation of the transport properties of LAMO/STO heterointerfaces. Regardless the carrier density, at the interfaces with lower mobility, where the B e is high enough and the weak SOC approximation is available, the influence of B e on B so is negligible. However, for higher mobility samples,
where B e is comparable with the B so , a significant suppression of spin splitting energy occurs.
Our observations not only mapped the evolution of spin-orbit coupling as the function of carrier density, when the interfaces change from extended state to WAL, and then to WL, but also realized the gate-tunable spin-polarization of 2DELs. These results make the LAMO/STO system an intriguing platform for future oxide spintronics. 
